In tro duc tion
Is space-time smooth and con tin u ous? The an swer is def i nitely NO, the value of fractal di men sions of our space-time is neither 4 nor 3 + 1, it is [1] [2] [3] [4] : 
where f = -( ) 5 1 /2. The fractal ex pla na tion of eq. (1) is given in fig. 1 [4, 5] , which looks like a Rus sian doll with self-sim i lar ity in all scales.
To dem on strate the dis con ti nu ity of space and time, we con sider a TV screen ( fig. 2 ) that is smooth at any or di nary ob serv able scales. How ever, when the scale be comes smaller and smaller, un til to a very small one, the sur face re veals an un smooth face con sist ing of many ar rayed pix els with fractal di men sions larger than two. Time is also dis con tin u ous when it is ex tremely short. A film gives 24 or more slips per sec ond, this gives a con tin u ous move ment, fig. 3 . How ever, in the case of 20 or less slips per second, the move ment be comes dis con tin u ous.
Fractal vs. con tin u ous space-time
We have been us ing New ton's law for cen tu ries with out any er ror for any ob serv able scales, but when the scale tends to a smaller and smaller value, New ton's laws will be come invalid. Majumder et al. [6] found that liq uid flow through a mem brane com posed of an ar ray of aligned car bon nanotubes is 4-5 or ders of mag ni tude faster than would be pre dicted from conven tional fluid-flow the ory. The ex per i men tal ob ser va tion re veals that New ton's law for con tinuum me dia is not valid for nanoscale flows [7] , which al ways have ex tremely prop er ties, but this does not mean that mass con ver sa tion and other na ture laws be come in valid, it means that the con tin uum model be comes in valid. So when the scale tends to an ex tremely small value, a discon tin u ous model has to be adopted. In prac ti cal ap pli ca tions, all un smooth sur face can be treated as a fractal bound ary, and the fractal di men sions can be eas ily cal cu lated, see ex am ples in [8] [9] [10] , and frac tional cal cu lus [11] [12] [13] [14] [15] [16] [17] [18] [19] can de scribe all phys i cal prop er ties in fractal space-time, and the value of the fractal di men sions is cor re spond ing to the frac tional or der [20] . Now the prob lem arises: when should we use the frac tional model in prac ti cal ap pli cations? We give an ex am ple for a hi er ar chic fab ric with mul ti ple lay ers as il lus trated in fig. 4 . We find the sur face is smooth when we touch it, because the scale is too large to feel mi cro-struc ture of the fab ric. How ever, if we want to study its air per me abil ity or heat trans fer through the fab ric, we have to con sider the small est po ros ity in the cascade of the hi er ar chic fab ric. As sume the small est scale is, L 0 , the side length of black square in fig. 4 , and any scales smaller than L 0 be come mean ingless in prac ti cal ap pli ca tions. The fractal de riv a tive [4, 21] can be de fined:
Please note Dx tends to L 0 , not zero as al ways de fined in any a math e mat ics text book. Equa tion (2) can use to model air per me abil ity in hi er ar chic po rous me dia [22] [23] [24] [25] with great suc cess, it can also op ti mally de ter mine the value of L 0 in a fractal hi er ar chy [26] .
Frac tional com plex trans form
When the scale Dx ? L 0 , the sur face be comes smooth, and a con tin uum model can be used. When, L 0 < Dx < 3L 0 , the red square in fig. 4 , any fractal de riv a tive or frac tional de riv a tive can not de scribe any phe nom ena hap pened in the cas cade with black squares in fig. 4 . So scale is ev ery thing, dif fer ent scales re sults in dif fer ent fractal di men sions and the or der of frac tional deriv a tive. To dem on strate this, we con sider an A4 for mat pa per. If the scale is the length of the short side of the rect an gle, A4 pa per is 2-D, while if the scale is the length of long side, the width di men sion is dis ap peared, and the A4 pa per be comes 1-D. If the scale be comes as small as the thick ness, the A4 pa per is 3-D!
In a fractal space, fig. 4 , the dis tance of the dis con tin u ous line of AB can be writ ten in the form scale:
where k is a scal ing pa ram e ter, Dx = L 0 , and a -the value of fractal di men sions. Equa tion (3) im plies that a trans form of fractal space to a con tin u ous part ner when the scale is DX. For sim plic ity and con sis tency, we re-write eq. (3) in the form:
when a = 1, we have DX = Dx. Equa tion (4) is the well-known frac tional com plex trans form [27, 28] , the scale, DX, adopts a con tin uum model.
Frac tional cal cu lus
The most im por tant fac tor in frac tional cal cu lus is how to de fine the frac tional de riv a tive. As pre vi ously men tioned, frac tional de riv a tive is to model phe nom ena in fractal me dia, so the def ini tion should be fol lowed its phys i cal in sight. Ac cord ingly, [4] gave the fol low ing def i ni tion:
Note that u 0 is the so lu tion of its con tin uum part ner with same bound ary/ini tial con ditions. Ap pli ca tions of eq. (5) can be found in [29, 30] .
As an ex am ple, we con sider a frac tional Fornberg-Whitham equa tion: 
with the fol low ing ini tial con di tion:
Fornberg-Whitham equa tion is a non-lo cal model for non-lin ear dispersive waves. Its frac tional part ner, eq. (6), de scribes some a non-lin ear dispersive wave with dis con tin u ous time. A wave on sea sur face will be af fected by the mo tion of the Moon, and a is the fractal di mensions of the Moon's tra jec tory un der the ref er ence sys tem of the Sun. There fore, eq. (6) can study the ef fect of the Moon's mo tion on dispersive waves.
Us ing the frac tional com plex trans form:
We can eas ily con vert eq. (6) into a dif fer en tial equa tion, which is the fol low ing form:
Equa tion (9) can be solved by the variational it er a tion method [31] [32] [33] [34] [35] , the homotopy per tur ba tion method [34, 35] , and the exp-func tion method [34, 35] . In this pa per, the Adomian's de com po si tion method [36] is used, and the fol low ing ap prox i mate so lu tion is obtained: 
Con clu sions
There are many def i ni tions of frac tional de riv a tives, we adopt eq. (5) for our study. The frac tional com plex trans form is used to con vert the fractal space-time to its con tin u ous partner, and all known an a lyt i cal meth ods can be di rectly ap plied to the re sul tant equa tions. This paper is an ex pla na tion of frac tional cal cu lus in a fractal frame.
